CHAPTER 1

1.1. GiventhevectorsM = —10a, + 4a, — 8a, and N = 8a, + 7a, — 2a,, find:
a) aunit vector in the direction of —M + 2N.

—M + 2N = 10a, — 4a, + 8a, + 16a, + 14a, — 4a, = (26, 10, 4)

Thus
B (26, 10, 4)

= =1(0.92,0.36,0.14
2= 26,10, 4) ~ 292050019

b) the magnitude of 5a, + N — 3M:
(5,0,0)+ (8,7, —2) — (=30, 12, —24) = (43, —5, 22), and |(43, —5, 22)| = 48.6.
c) IM[I2N|(M + N):

(=10, 4, —8)]|(16, 14, —4)|(—2, 11, —10) = (13.4)(21.6)(—2, 11, —10)
= (—580.5, 3193, —2902)

1.2. Giventhreepoints, A(4, 3,2), B(—2,0,5),and C(7, —2, 1):

a) Specify the vector A extending from the origin to the point A.

A=(432 =4a, +3a, + 2a,

b) Give aunit vector extending from the origin to the midpoint of line AB.
The vector from the origin to the midpoint is given by
M=(1/2)(A+B)=(1/2)(4—2,340,2+5) = (1,15, 3.5)

The unit vector will be
_(1,15,35)

m=————=- = (0.25, 0.38, 0.89)
(1, 1.5, 3.5)|

¢) Calculate the length of the perimeter of triangle ABC:

Beginwith AB = (-6, —3, 3), BC = (9, -2, —4), CA = (3, -5, —1).
Then

|AB| + |BC| + |CA| = 7.35+ 10.05 + 5.91 = 23.32

1.3. The vector from the origin to the point A is given as (6, —2, —4), and the unit vector directed from the

origin toward point B is (2, —2, 1)/3. If points A and B are ten units apart, find the coordinates of point
B.

With A = (6, —2, —4) and B = 1 B(2, -2, 1), we use thefact that |B — A| = 10, or
|(6—2B)a, — (2— 2B)a, — (4+ 1B)a,| = 10

Expanding, obtain

36— 8B+ B> +4— 3B+ gB?+16+ 5B + §B% =100

or B2 — 8B — 44 = 0. Thus B = 38176 — 11 75 (taking positive option) and so

2 2 1
B = (11752, — (1175, + ~(1175)a. = 7.83a — 7.83a, + 3.92a,
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1.4. given points A(8, —5, 4) and B(—2, 3, 2), find:
a) thedistancefrom A to B.

IB—-A|=](-10,8, —2)| = 12.96

b) aunit vector directed from A towards B. Thisis found through

B—A
IB—Al

asp = = (-0.77,0.62, —0.15)

c) aunit vector directed from the origin to the midpoint of the line AB.

_ (A+B)2 _ (3,-13)
MTIA¥BY2 T J19

= (0.69, —0.23, 0.69)

d) the coordinates of the point on the line connecting A to B at which the lineintersectsthe planez = 3.
Note that the midpoint, (3, —1, 3), asdetermined from part ¢ happensto have z coordinate of 3. This
is the point we are looking for.

1.5. A vector field is specified as G = 24xya, + 12(x? + 2)a, + 18z%a,. Given two points, P(1, 2, —1) and
0(-2. 1, 3), find:
a Gat P: G(1,2, —1) = (48, 36, 18)

b) aunit vector inthedirectionof G at Q: G(—2, 1, 3) = (—48, 72, 162), s0

| (—48,72,162)

= = (—-0.26, 0.39, 0.88
[(—48, 72, 162)| ( : : )

¢) aunit vector directed from Q toward P:

P-Q (3-14

= = (0.59, 0.20, —0.78)
IP—Ql V26

dgp =

d) the equation of the surface on which |G| = 60: We write 60 = |(24xy, 12(x2 + 2), 18z2)|, or
10 = |(4xy, 2x2 + 4, 3z2)|, so the equation is

100 = 16x2y? + 4x* + 16x2 + 16 + 9z*




1.6. For the G field in Problem 1.5, make sketches of G, G, G, and |G| along theliney = 1, z = 1, for
0 <x <2 Wefind G(x,1,1) = (24x, 12x2 + 24, 18), from which G, = 24x, G, = 12x? + 24,
G, = 18, and |G| = 6+/4x* + 32x2 + 25. Plots are shown below.

Problem 1.6

1.7. Giventhe vector field E = 4zy? cos2xa, + 2zy Sin2xa, + y2 sin2xa, for theregion |x|, |y, and |z| less
than 2, find:
a) the surfaces on which E, = 0. With E, = 2zy sin2x = 0, the surfaces are 1) the plane z = 0, with
x| < 2, |y| < 2; 2)theplaney = 0, with |x| < 2, |z| < 2; 3)theplanex = 0, with|y| < 2, |z] < 2;
4) theplane x = /2, with |y| < 2, |z] < 2.

b) theregioninwhich E, = E,: Thisoccurswhen 2zy sin2x = y?sin 2x, or on the plane 2z = y, with
x| <2, [yl <2zl < L. E—

c) the region in which E = 0: We would have E, = E, = E; = 0, or zy?cos2x = zySn2x =
y2sin2x = 0. This condition ismet on the plane y = 0, with |x| < 2, |z| < 2.

1.8. Two vector fieldsareF = —10a, +20x(y — 1)a, and G = 2x?ya, —4a, +za,. Forthepoint P(2, 3, —4),
find:
a) |F|: Fat (2,3, —4) =(-10, 80, 0), so |F| = 80.6.
b) |IG]: Gat(2, 3, —4) = (24, -4, -4),s0 |G| = 24.7.
¢) aunit vector inthedirectionof F — G: F — G = (—10,80,0) — (24, —4, —4) = (—34, 84, 4). So

4o F-G (34,844
IF=G| 90.7

= (—0.37,0.92, 0.04)

d) aunit vector inthedirectionof F+ G: F+ G = (—10, 80, 0) + (24, —4, —4) = (14, 76, —4). So

4. FTG _ (14764
F+G] 774

= (0.18,0.98, —0.05)
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19. Afieldisgivenas

G = m(xax + yay)

Find:
a) aunit vector inthedirectionof G at P(3, 4, —2): Have G, = 25/(9+ 16) x (3, 4,0) = 3a, + 4a,,
and |G,| =5. Thusag = (0.6, 0.8, 0).

b) the angle between G and a, a P: The angle is found through a; - a, = cosf. So cosf =
(0.6,0.8,0) - (1,0,0) = 0.6. Thusg = 53°.

¢) the value of the following double integral on the planey = 7:

4 p2
//G-aydzdx
0 JO
/4/2 25 (xay + yay) - a,dzd f4/2 25 Tdzd /4 350d
———5 (X . ) X = X X = X
o Jo x2+y2 * TSy yaz o Jo X2—|-49 ¢ 0 x2+49

1 4
=350x = |tan"l(=)—-0|=26
X?[a” <7> } =

1.10. Use the definition of the dot product to find the interior angles at A and B of the triangle defined by the
threepoints A(1, 3, —2), B(—2,4,5),and C(0, —2, 1):
a) UseRsp = (-3, 1,7 and Rsc = (-1, —5,3) toform R4p - Rac = |Ra||Rac|cosb4. Obtain
3+ 5+ 21 = +/59//35c0s6,. Solvetofind 64 = 65.3°.
b) UseRps = (3, -1, -7) and Rgc = (2, -6, —-4) toformRg4 - Rpec = IRga||IRBC| COSOB. Obtain
6+ 6+ 28 = v/59./56 cosf. Solvetofind 6z = 45.9°.

1.11. Giventhepoints M (0.1, —0.2, —0.1), N(—0.2,0.1, 0.3), and P (0.4, 0, 0.1), find:
a) thevector Ryv: Ryny =(—0.2,0.1,0.3) — (0.1, —0.2, —0.1) = (—0.3,0.3,0.4).

b) the dot pl'OdUCt Ry~ -Rup: Ryp =(04,0,0.1) — (0.1, -0.2,-0.1) = (0.3,0.2,0.2). Ryn -
Rup = (—0.3,0.3,0.4) - (0.3,0.2,0.2) = —0.09 + 0.06 + 0.08 = 0.05.

¢) the scalar projection of Ry;y on Ry p:

(0.3,0.2,0.2) 0.05 012

Ruyn - arup = (—0.3,0.3,0.4) - =
MN - apmp = ( )\/0.09+o.04+0.04 V017 T

d) the angle between Ry;y and Ry p:

_1( Run -Rup ) 1 ( 0.05 )
Oy = COS 1 (— = COS - | =78
Y IRy IRupl J0.34/0.17




1.12. Given points A(10, 12, —6), B(16, 8, —2), C(8, 1, —4), and D(—2, —5, 8), determine;
a) the vector projection of Rap + Rgc 0N R4p: Rap + Rpe = Rac = (8,1, 4) — (10,12, —6) =
(—2,-11,10) ThenRsp = (-2, -5, 8) — (10, 12, —6) = (—12, —17, 14). So the projection will
be:

= (—6.7,-9.5,7.8)

(—12, —17,14) 7 (=12, —17, 14)
(Rac - arap)arap = |:(—2, —11,10) - ]

/629 /629

b) thevector projectionof R4 + Rgc onRpc: Rpe = (8, —1,4) — (-2, -5, 8) = (10, 6, —4). The
projectioniis:

= (—8.3,-5.0,3.3)

(109 65 _4) (10’ 65 _4)
(Rac -arpc)arpc = [(—2, —-11, 10) - ]

/152 /152

C) the angle between Rp4 and Rpc: UseRps = —Rup = (12,17, —14) and Rpc = (10, 6, —4).
The angleis found through the dot product of the associated unit vectors, or:

(12,17, -14) - (10, 6, —4)>
/6294152

= 26°

0p = cos Y(arpa - arpc) = cos ! <

1.13. a) Find the vector component of F = (10, —6, 5) that is paralel to G = (0.1, 0.2, 0.3):

_F-G_  (10,-6,5-(0.1,0.2,0.3)
T |GI2T  0.01+0.04+0.09

Flo (0.1,0.2,0.3) = (0.93, 1.86, 2.79)

b) Find the vector component of F that is perpendicular to G:
Foc = F — Fjjc = (10, —6,5) — (0.93, 1.86, 2.79) = (9.07, —7.86, 2.21)

¢) Find the vector component of G that is perpendicular to F:

G-F 13
Gpr =G—Gjp =G— ——F=(01,0203 - ——— (10, -6, 5) = (0.02, 0.25,0.26
e e =l )" 100436+ 25" )= { )

1.14. The four vertices of a regular tetrahedron are located at O(0, 0, 0), A(O, 1, 0), B(O.5J§, 0.5,0), and
C(+/3/6,0.5, /2/3).
a) Find aunit vector perpendicular (outward) to the face ABC: First find
Rga x Rpe = [(0, 1, 0) — (0.5v/3, 0.5, 0)] x [(+/3/6, 0.5, /2/3) — (0.5v/3, 0.5, 0)]
= (—0.5v/3,0.5,0) x (—/3/3,0,/2/3) = (0.41, 0.71, 0.29)
The required unit vector will then be:
Rpa x Rpe

= (0.47,0.82,0.33)
IRpa X Rpcl|

b) Find the area of theface ABC:

1
Area = §|RBA x Rgc| = 0.43



1.15. Threevectorsextendingfromtheoriginaregivenasr, = (7,3, —2),r> = (2,7, —3),andr3 = (0, 2, 3).
Find:

a) aunit vector perpendicular to bothr1 and r:

. 1 Xrp . (5, 25,55)
~Irixral 606

ap12 = (0.08,0.41, 0.91)

b) aunit vector perpendicular to the vectorsry —roandro —r3: r1—r2 = (9, —4,1) andrp —r3 =
(=2,5,—6). Sor; —ro xrp —rz = (19, 52, 32). Then

_(19,52,32) (19,52, 32)
?7(19,52,32)| ~ 6395

= (0.30, 0.81, 0.50)

¢) theareaof thetriangle defined by rq and r:

1
Area = §|r1 x o] = 30.3
d) the areaof the triangle defined by the heads of r1, r, and rs:

1 1
Area = El(rz —r1) x(rz—r3)| = §|(_9’ 4,-1) x (=2,5, —6)| = 32.0
1.16. Describe the surfaces defined by the equations:
a r-a, =2 wherer = (x, y, z): Thiswill bethe planex = 2.

b) Irxa, =2 rxa, =(0,z,—y),and |r x a,| = +/z2 + y2 = 2. Thisisthe equation of acylinder,
centered on the x axis, and of radius 2.

1.17. Point A(—4, 2, 5) and the two vectors, R4 = (20, 18, —10) and R4y = (—10, 8, 15), define atriangle.
a) Find aunit vector perpendicular to the triangle: Use

. RAM X RAN . (350, —200, 340)

"~ |Ram x Ran| 527.35
The vector in the opposite direction to this oneis also avalid answer.

b) Find aunit vector in the plane of the triangle and perpendicular to R4 n:

_ (=10, 8, 15)

V389

p = (0.664, —0.379, 0.645)

asy — (—0.507, 0.406, 0.761)
Then

apan = a, x aay = (0.664, —0.379, 0.645) x (—0.507, 0.406, 0.761) = (—0.550, —0.832, 0.077)

The vector in the opposite direction to this oneis also avalid answer.

¢) Find aunit vector in the plane of the triangle that bisects the interior angleat A: A non-unit vector
in the required direction is (1/2)(aay + aan), Where

(20, 18, —10)

= ———— = (0.697,0.627, —0.348
[(20, 18, —10)| ( )

aam



1.17c. (continued) Now
1 1
E(aAM +asn) = E[(O'697’ 0.627, —0.348) + (—0.507, 0.406, 0.761)] = (0.095, 0.516, 0.207)

Finally,
(0.095, 0.516, 0.207)

&is = 110,095, 0.516, 0.207)]

= (0.168, 0.915, 0.367)

1.18. Givenpoints A(p =5,¢ = 70°,z = —3) and B(p = 2, ¢ = —30°, z = 1), find:

a) unit vector in cartesian coordinates at A toward B: A(5cos70°,5sin70°, —3) = A(1.71,4.70, —3), In
the same manner, B(1.73, —1,1). SoRsp = (1.73, —-1,1) — (1.71, 4.70, —3) = (0.02, —5.70, 4) and

therefore (0.02, —5.70, 4)
agp= —— " _(0.003, —0.82,0.57
48 = 1(0.02, =5.70, 4)| ( )

b) avector in cylindrical coordinates at A directed toward B: asp - a, = 0.003cos70° — 0.82sin70° =
—0.77. ayp - 8y = —0.003sin 70° — 0.82cos70° = —0.28. Thus

asp = —0.77a, — 0.283,4 + 0.574a,

¢) aunit vector in cylindrical coordinates at B directed toward A:
Useags = (—0, 003, 0.82, —0.57). Thenag,4 -a, = —0.003 cos(—30°) +0.82sin(—30°) = —0.43, and
apa - a4 = 0.003sin(—30°) + 0.82cos(—30°) = 0.71. Finaly,

aga = —0.43a, + 0.71a, — 0.57a,

1.19 &) Expressthe fidld D = (x2 + y2)~1(xa, + ya,) in cylindrical components and cylindrical variables:
Havex = pcos¢, y = psing, and x2 + y2 = p2. Therefore

1
D = —(cos¢a, + singay)
P

Then
1 1 1
D,=D-a, = A [cose(as - a,) +sing(ay, -a,)] = B [Cosz(p +sin2¢] =

and
Dy=D-a; = % [cosg(a, - ag) +sing(ay - ay) ] = %[cos¢(—sin¢) +sing cos¢] =0

Therefore



1.19b. Evaluate D at the point where p = 2, ¢ = 0.2, and z = 5, expressing the result in cylindrical and
cartesian coordinates: At the given point, and in cylindrical coordinates, D = 0.5a,. To express thisin
cartesian, we use

D = 0.5(a, - a,)a, + 0.5(a, - ay)a, = 0.5cos36°a, + 0.5sin36°a, = 0.41a, + 0.29a,

1.20. Expressin cartesian components:
a) the vector at A(p = 4,¢ = 40°,z = —2) that extendsto B(p = 5,¢ = —110°,z = 2): We
have A(4cos40°,4sin40°, —2) = A(3.06,2.57, —2), and B(5c0s(—110°),5sn(—110°),2) =
B(—1.71, —4.70, 2) in cartesian. ThusR 5 = (—4.77, —7.30, 4).

b) aunit vector at B directed toward A: HaveRps = (4.77,7.30, —4), and sO

(4.77,7.30, —4)
- — (0.50,0.76, —0.42
A4 = 1477,7.30, )~ 022076, 2049)

C) a unit vector at B directed toward the origin. Haverp = (—1.71,-4.70,2), and O —rpg =
(1.71,4.70, —2). Thus

_(1.71,4.70, -2)

a= = (0.32,0.87, —0.37
[(1.71, 4.70, —2)| ( )

1.21. Expressin cylindrical components:

a) thevector from C (3,2, —7) to D(—1, —4, 2):
C@3,2,-7 - C(p=361,¢=337°,z=-7)and
D(-1,-4,2) > D(p =4.12,¢p = —-104.0°, z = 2).
Now Recp = (—4,—-6,9) and R, = Rcp - a, = —4c0s(33.7) — 6sin(33.7) = —6.66. Then
Ry =Rcp -ay =48in(33.7) — 6¢0s(33.7) = —2.77. SOR¢cp = —6.66a, — 2.77a4 + 9a,

b) aunit vector at D directed toward C:
Rep = (4,6, -9) and R, = Rpc - @, = 4cos(—104.0) + 6sin(—104.0) = —6.79. Then Ry =
Rpc - ag = 4[—sin(—104.0)] + 6cos(—104.0) = 2.43. SoRpc = —6.79a, + 2.43a4 — 9a,
Thusapc = —0.59a, + 0.21a; — 0.784a,

C) aunit vector at D directed toward the origin: Start withr p = (—1, —4, 2), and so the vector toward
the origin will be —rp = (1, 4, —2). Thusin cartesian the unit vector isa = (0.22, 0.87, —0.44).
Convert to cylindrical:

a, = (0.22,0.87, —0.44) - a, = 0.22 cos(—104.0) + 0.87sin(—104.0) = —0.90, and
ag = (0.22,0.87, -0.44) - a4 = 0.22[—sin(—104.0)] + 0.87cos(—104.0) = O, so that finally,
a= —0.90a, — 0.44a,.

1.22. A fieldisgivenin cylindrical coordinates as
40 . :
F= p2—+1 + 3(cos¢ +sing) | a, + 3(cos¢ — sing)ay — 2a,

where the magnitude of F isfound to be;

1600 240 1/2
Fl=+vF-F= Cos¢ + sin 22
a [(p2+1)2+p2+1( prsnd)+ }



Sketch |F|:
a) vs. ¢ with p = 3: inthis case the above simplifiesto

IF(p = 3)| = |Fa| = [38 + 24(cos¢ + sing)]Y/?

b) vs. p with¢ = 0, in which:

1 24 1/2
600 0 2 2}

IF(¢p = 0)| = |[Fb| = [(pzﬂ)z t o

C) vs. p with ¢ = 45°, inwhich

1/2
1600 240+/2
V2 22:|

F@=a01=1rd = [(p2+1>2 e

Problem 1.22a

0 1.57" 3.14 471 6.28
angle (rad)
— |Fa
Problem 1.22b and ¢
50 1 T ] |




1.23. Thesurfacesp =3, p =5, ¢ = 100°, ¢ = 130°, z = 3, and z = 4.5 define a closed surface.

a) Find the enclosed volume:
45 £130° (5
Vol :/ [ / pdpdpdz = 6.28
3 Jiwo J3

NOTE: The limits on the ¢ integration must be converted to radians (as was done here, but not shown).

b) Find the total area of the enclosing surface:

130° 5 4.5 130°
Area=2/ / pdpdg +f f 3de dz
100° 3 3 100°

45 (130° 45 5
+ / / S5dpdz + 2/ / dpdz =20.7
3 100° 3 3

¢) Findthetotal length of the twelve edges of the surfaces:

(o} o}

30
Length=4x15 + 4x2 + 2X[360° x 2m x 3 + 360°

X 27T X 5i| = 22.4

d) Find the length of the longest straight line that lies entirely within the volume: Thiswill be between
the points A(p = 3, ¢ = 100°, z = 3) and B(p = 5, ¢ = 130°, z = 4.5). Performing point
transformations to cartesian coordinates, these become A(x = —0.52, y = 2.95, z = 3) and B(x =

—3.21, y = 3.83,z = 4.5). Taking A and B as vectors directed from the origin, the requested length
is

Length = [B — A| = |(—2.69, 0.88, 1.5)| = 3.21

1.24. At point P(—3, 4, 5), express the vector that extendsfrom P to Q(2, 0, —1) in:

a) rectangular coordinates.
Rpp =Q—P=05a, —4a, — 6a,

Then |RPQ| =4/25+16+36=8.8
b) cylindrical coordinates. At P, p =5, ¢ = tan~1(4/ — 3) = —53.1°, and z = 5. Now,

Rpo-a, = (5a, —4a, —6a,;) -a, = 5c0S¢ —4sing = 6.20

Rpo -ay = (5a, —4a, — 6a;) - ay = —5sin¢ — 4cos¢ = 1.60
Thus
Rpo = 6.20a, + 1.60ay — 6a,

and |Rpo| = /6.202 + 1.602 + 62 = 8.8

c) spherical coordinates. At P, r = +/9+ 16+ 25 = /50 = 7.07, 6 = cos 1(5/7.07) = 45°, and
¢ =tan1(4/ — 3) = —53.1°.

Rpo -a- = (5a, —4a, — 6a;) - a, = 5sin6 cos¢ — 4sinf sing — 6¢cosé = 0.14

Rpo -a = (5a, —4a, — 6a,) - & = 5c0s6 cos¢ — 4cosh sing — (—6) sind = 8.62
Rpo -ay = (58, — 4a, — 6a;) - ay = —5sin¢ — 4cos¢ = 1.60

10



1.24. (continued)

Thus
RPQ = 0.14a, + 8.62ay + 160845

and |Rpg| = +/0.142 + 8.622 + 1.602 = 8.8

d) Show that each of these vectors has the same magnitude. Each does, as shown above.

1.25. Given point P(r = 0.8, 6 = 30°, ¢ = 45°), and

1 sing
E=—|(cos -

r2 ( oo+ sinf a¢)
a) FindE at P: E = 1.10a, + 2.21a.

b) Find |[E| at P: |E| = +/1.102 + 2.212 = 2.47.

¢) Find aunit vector inthedirection of E at P:

E
ag = E = 0.45a, + 0.89a,

1.26. a) Determine an expression for a, in spherical coordinates at P(r = 4, 6 = 0.27, ¢ = 0.87): Use
a,-a, =sindsing =0.35,a, -8y = cosf sing = 0.48,and a, - ay = cos¢ = —0.81 to obtain

a, = 0.35a, + 0.482y — 0.81a4

b) Express a, in cartesian componentsat P: Find x = rsinf cos¢ = —1.90, y = rsiné sing = 1.38,
and z = rcosf = —3.24. Thenuse a, - a, = sinfcos¢p = —0.48, a, - a, = sindsing = 0.35, and
a, -a, = cosd = 0.81 to obtain

a- = —0.48a, + 0.35a, + 0.81a,

1.27. Thesurfacesr = 2and 4, 6 = 30° and 50°, and ¢ = 20° and 60° identify a closed surface.
a) Find the enclosed volume: Thiswill be

60° 50° 4
Vol = / / r’sin0drdode = 2.91
200 Jaoe J2
where degrees have been converted to radians.
b) Find thetotal areaof the enclosing surface:
60° 50° 4 60°
Area = (4% + 2°)sin6dod¢ + / / r(sin30° 4 sin50°)drd¢
200 Jao 2 Jooe

50° 4
+ 2/ / rdrdd = 12.61
30° 2

¢) Find thetotal length of the twelve edges of the surface:

4 50° 60°
Length = 4/ dr + 2/ (44 2)do +/ (4sin50° +4sin30° 4- 2sin50° + 2sin30°)d¢
2 30° 20°
= 17.49
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1.27. (continued)

d) Find the length of the longest straight line that lies entirely within the surface: This will be from
A(r=2,0 =50°, ¢ =20°)to B(r = 4,6 = 30°, ¢ = 60°) or

A(x = 2sin50° cos20°, y = 2sin50° sin20°, z = 2c0s50°)

to
B(x = 4sin30° cos60°, y = 4sin30° sin60°, z = 4c0s30°)

or finally A(1.44,0.52, 1.29) to B(1.00, 1.73, 3.46). ThusB — A = (—0.44, 1.21, 2.18) and
Length=|B — A| = 253
1.28. @) Determine the cartesian components of the vector from A(r = 5,0 = 110°, ¢ = 200°) to B(r =
7,0 = 30°, ¢ = 70°): First transform the points to cartesian: x4 = 5sin110° cos200° = —4.42,
ya = 58n110°sin200° = —1.61, and z4 = 5c0s110° = —1.71; xp = 7sin30°cos70° = 1.20,
yg = 7sin30°sin70° = 3.29, and zz = 7c0s30° = 6.06. Now

Rap =B — A =5.62a¢ +4.90a, + 7.77a,

b) Find the spherical components of the vector at P (2, —3, 4) extending to Q(—3, 2,5): First, Rpgp =
Q—-P = (-551). Thena P, r = /4+9+ 16 = 5.39, 6 = cos 1(4/+/29) = 42.0°, and ¢ =
tan~1(—3/2) = —56.3°. Now

Rpo - a8 = —5sin(42°) cos(—56.3°) 4+ 5sin(42°) sin(—56.3°) 4+ 1cos(42°) = —3.90
Rpo - @ = —5c0s(42°) cos(—56.3°) 4 5c0s(42°) sin(—56.3") — 1sin(42°) = —5.82

Rpo - ap = —(—5) sin(—56.3°) + 5c0s(—56.3°) = —1.39

So findly,
Rpo = —3.90a, — 5.82a9 — 1.39%

c) If D = 5a, — 3ay + 4ay, find D - a, a M(1, 2, 3): First convert a, to cartesian coordinates at the
specified point. Usea, = (a, - a,)a, + (&, - ay)a,. At A(1,2,3), p = VB, ¢ = tan"1(2) = 63.4°,
r = /14, and § = cos 1(3/+/14) = 36.7°. So a, = cos(63.4°)a, + sin(63.4°)a, = 0.45a, + 0.89,.

Then
(53, — 33y + 4ay) - (0.45a, + 0.89,) =

5(0.45)sinf cos¢ + 5(0.89)sindsing — 3(0.45) cosé cos¢
— 3(0.89) cosfsing + 4(0.45)(—sing) + 4(0.89) cos¢ = 0.59

1.29. Expressthe unit vector a, in spherical components at the point:
a r=20=1rad, ¢ = 0.8rad: Use

a = (ax : ar)ar + (ax ' a@)aﬁ + (ax ' aqb)agb =
sin(1) cos(0.8)a, + cos(1) cos(0.8)ag + (—sin(0.8))a, = 0.59a, + 0.38a9 — 0.72a
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1.29 (continued) Express the unit vector a, in spherical components at the point:
b) x = 3,y = 2,z = —1 Firgt, transform the point to spherical coordinates. Have r = /14,
6 = cos 1(—1/4/14) = 105.5°, and ¢ = tan—1(2/3) = 33.7°. Then

a, = sin(105.5°) cos(33.7°)a, + c0s(105.5°) cos(33.7°)ay + (— Sin(33.7°))ay
= 0.80a, — 0.22ay — 0.55a

c) p=25¢ =0.7rad, z = 1.5: Again, convert the point to spherical coordinates. r = /p2 + z2 =
V85, 6 = cos1(z/r) = cos1(1.5/4/8.5) = 59.0°, and ¢ = 0.7rad = 40.1°. Now

a, = sin(59°) cos(40.1%)a, + cos(59°) cos(40.1°)ag + (—sin(40.1%))ay
= 0.66a, + 0.39ay — 0.64a,4

1.30. Given A(r = 20,0 = 30°, ¢ = 45°) and B(r = 30, 6 = 115°, ¢ = 160°), find:

a) |Rapl: First convert A and B to cartesian: Have x4 = 20sin(30°) cos(45°) = 7.07, ya =
20sin(30°) sin(45°) = 7.07, and z4 = 20co0s(30°) = 17.3. xg = 30sin(115°) cos(160°) = —25.6,
yg = 30sin(115°) sin(160°) = 9.3, and zz = 30cos(115°) = —12.7. Now Ry = Rz — R4 =
(—32.6,2.2, —30.0), and s0 |R4 | = 44.4.

b) |Racl, given C(r = 20,0 = 90°,¢ = 45°). Again, converting C to cartesian, obtain x¢ =
20sin(90°) cos(45°) = 14.14, y¢ = 20sin(90°) sin(45°) = 14.14, and z¢ = 20¢0s(90°) = 0. So
Rac = Rc — Ra = (7.07,7.07, —17.3), and |[Rs¢| = 20.0.

¢) thedistancefrom A to C onagreat circle path: Notethat A and C sharethe samer and ¢ coordinates;
thus moving from A to C involves only achangein 6 of 60°. The requested arc length is then

21
distance 0 x [60 (360)} 0.9
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