CHAPTER 4

4.1. Thevalueof Eat P(p = 2, ¢ =40°, z = 3)isgivenasE = 100a, — 200a, 4 300a, V/m. Determine
the incremental work required to move a 20 1. C charge a distance of 6 um:

a) inthe direction of a,: The incremental work is given by dW = —q E - dL, wherein this case,
dL =dpa, =6x10"%a,. Thus

dW = —(20 x 107°C)(100V/m)(6 x 1076m) = —12 x 107°%J= —12nJ
b) inthe direction of a,: InthiscasedL = 2d¢ a; = 6 x 10 %a,, and so
dW = —(20 x 1078)(—200)(6 x 1070 = 2.4 x 1078J=24nJ
¢) inthedirection of a,: Here, dL = dza, = 6 x 10%a,, and so

dW = —(20 x 107%)(300)(6 x 107%) = —3.6 x 10783 = —36nJ

d) inthedirection of E: Here, dL = 6 x 10-®ag, where

_ 100, — 200a, + 3002,
~ [1002 + 2002 + 3002]1/2

arg = 0.267a, — 0.535a, + 0.8024a,

Thus

dW = —(20 x 10‘6)[100ap — 200a, + 300a.] - [0.267a, — 0.535a4 + 0.8024a,](6 x 1075
=—-449nJ

€) Inthedirectionof G = 2a, — 3a, + 44a;: Inthiscase, dL = 6 x 10-%a;, where

_ 2a,—3ay +4a
- [22 +32 4+ 42]1/2

ag = 0.371a, — 0.557a, + 0.743a,

So now

dW = —(20 x 107°)[100a, — 200a, 4 300a,] - [0.371a, — 0.557a, + 0.743a.](6 x 107°)
= —(20 x 107°)[37.1(a, - &) — 55.7(a, - a,) — 74.2(ay - ;) + 111.4(ay - a,)
+ 222.9] (6 x 107%)

where, a P, (a, - a,) = (a4 - ay,) = cos(40°) = 0.766, (a, - a,) = sin(40°) = 0.643, and
(ay - ac) = —sin(40°) = —0.643. Substituting these resultsin

dW = —(20 x 107%)[28.4 — 35.8 + 47.7 + 85.3 4 222.9](6 x 107%) = —41.8nJ
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4.2. Let E = 400a, — 300a, + 500a, in the neighborhood of point P (6, 2, —3). Find theincremental work
donein moving a 4-C charge adistance of 1 mm in the direction specified by:
a) a, +a, +a;: Wewrite

(@ +ay +a)

dW = —qE - dL = —4(400a, — 300a, + 500a) - /3

(1073)

__(4x1079)

(400 — 300 + 500) = —1.39J
V3

b) —2a, + 3a, — a,: Thecomputation is similar to that of part a, but we change the direction:

(—2a, +3a, — a,)

dW = —qE - dL = —4(400a, — 300a, + 500a,) -
) 14

(1073)

4% 103
_ —(X—\/1—4)(_800 — 900 — 500) = 2.35J

4.3. If E = 1204, V/m, find the incremental amount of work done in moving a 50 um charge a distance
of 2 mm from:

a) P(1,2,3) toward Q(2, 1, 4): The vector along this direction will be Q — P = (1, —1, 1) from
whichapg = [a, — a, + a;]/+/3. We now write

dW = —gE -dL = —(50 x 10°°) [120a,, : W%“"Z] (2 x 10°%)
. 1 )
= —(50 x 107°)(120) [(a, - &) — (&, - &y)] 73(2 x 1073

At P, ¢ =tan~1(2/1) = 63.4°. Thus (a, -a,) = cos(63.4) = 0.447 and (a, - a,) = Sin(63.4) =
0.894. Substituting these, we obtain dW = 3.1 uJ.

b) 0(2,1,4) toward P(1, 2, 3): A littlethought isin order here: Note that the field hasonly aradial
component and does not depend on ¢ or z. Note also that P and Q are at the same radius (v/5)
from the z axis, but have different ¢ and z coordinates. We could just as well position the two
points at the same z location and the problem would not change. If this were so, then moving
along astraight line between P and Q would thus involve moving along achord of acircle whose
radius is +/5. Halfway along this line is a point of symmetry in the field (make a sketch to see
this). This means that when starting from either point, theinitial force will be the same. Thusthe
answer isdW = 3.1pJasin part a. Thisis also found by going through the same procedure as
in part a, but with the direction (roles of P and Q) reversed.

4.4. Find the amount of energy required to move a 6-C charge from the originto P(3, 1, —1) in the field
E = 2xa, — 3y2ay + 4a, V/m aong the straight-line path x = —3z, y = x + 2z: We set up the
computation as follows, and find the the result does not depend on the path.

W=—q / E-dL = —6/(2an — 3y2ay +4a,) - (dxa, +dyay + dza;)

3 1 -1
:—6/ 2xdx+6/ 3y2a’y—6/ Adz = —24]
0 0 0
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4.5. Compute the value of fAP G -dL for G = 2ya, with A(1, —1, 2) and P(2, 1, 2) using the path:
a) straight-line segments A(1, —1,2) to B(1, 1, 2) to P(2, 1, 2): In general we would have

P P
/ G-dL:/ 2ydx
A A

The change in x occurs when moving between B and P, during which y = 1. Thus

P P 2
/ G-dL:/ Zydx:/ 2(L)ydx = 2
A B 1

b) straight-linesegments A(1, —1, 2)toC(2, —1, 2) to P(2, 1, 2): Inthiscasethechangein x occurs
when moving from A to C, during which y = —1. Thus

P C 2
/ G- dL :/ 2y dx :/ 2(—1dx = -2
A A 1 T

4.6. LetG = 4xa, +2za, +2ya,. Givenaninitial point (2, 1, 1) and afinal point Q (4, 3, 1),findf G-dL
using the path: a) straight line: y = x — 1, z = 1; b) parabola: 6y = x2 + 2,z = 1:

With G as given, thelineintegra will be
4 3 1
/G-dL:f 4xdx+/ ZZdy—l-/ 2ydz
2 1 1
Clearly, we are going nowhere in z, so the last integral is zero. With z = 1, thefirst two evaluate as
5|4 3
[on-2iiaf-m

The paths specified in partsa and b did not play arole, meaning that the integral between the specified
pointsis path-independent.

4.7. Repeat Problem 4.6 for G = 3xy3a, + 2za,. Now things are different in that the path does matter:
a) straightline: y =x — 1,z = 1. Weobtain:

4 3 4 3
/G~dL:f 3xy2dx+/ ZZdy:/ 3x(x—l)2dx+/ 2(1)dy =90
2 1 2 1
b) parabola: 6y = x2 + 2, z = 1: We obtain:

4 3 4 1 3
/G-dL:/ 3xy2dx+/ 21dy=/ —x<x2+2>2dx+/ 2(1) dy = 82
2 1 2 12 1



4.8. A pointcharge Q1 islocated at theorigininfreespace. Findthework donein carrying acharge Q» from:

(@) B(rp, 0B, ¢p) 10 C(ra, 0p, ¢p) With 6 and ¢ held constant; (b) C(r4, 6, ¢p) t0 D(ra, 04, ¢p)
with r and ¢ held constant; (C) D(r4, 64, ¢B) t0 A(ra, 64, ¢4) Withr and 6 held constant: The general
expression for the work donein thisinstance is

. d
QLo . (dra, +rdoas +rsinddea,) — — 2222 [ &
4 eqr?

2

W=-0z [E-dl =0

4meq r

We see that only changes in r will produce non-zero results. Thusfor part a we have

W =

_Q1Q2/”d_r_% R
4req Jp, 12 Areg |ra 1B

The answers to parts b and ¢ (involving paths over which r is held constant) are both 0.

4.9. A uniform surface charge density of 20 nC/m? is present on the spherical surface r = 0.6cm in free

4.10.

space.

a) Find the absolute potential a& P(r = 1cm, 6 = 25°, ¢ = 50°): Since the charge density
is uniform and is spherically-symmetric, the angular coordinates do not matter. The potential
function for » > 0.6 cm will be that of apoint charge of Q = 4wa?py, or

47(0.6 x 1009?20 x 109  0.081

Vv =
) 4 eqr r

V with r in meters

Atr = 1cm, thisbecomesV(r =1cm) =814V

b) Find V4p given points A(r = 2cm, 6 = 30°, ¢ = 60°) and B(r = 3cm, 6 = 45°, ¢ = 90°):
Again, the angles do not matter because of the spherical symmetry. We use the part a result to
obtain

1 1

Given a surface charge density of 8 n\C/m? on the plane x = 2, aline charge density of 30 nC/m on
thelinex = 1, y = 2, and a1-uC point chargeat P(—1, —1, 2), find V45 for points A(3, 4, 0) and
B(4, 0, 1): We need to find apotential function for the combined charges. That for the point charge we
know to be 0

A egr

Vp(r) =

Potential functions for the sheet and line charges can be found by taking indefinite integrals of the
electric fields for those distributions. For the line charge, we have

wmz—f P gp+C1= -

In C
2megp 2meQ (o) + €1

For the sheet charge, we have

Vi(x) = —/z'o—esodx+C2= _2p_€s0x+C2
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4.10.

4.11.

(continued) The total potential function will be the sum of the three. Combining the integration con-
stants, we obtain:
o In(p) — Ll +C

A egr 27'[ €0 2¢0

V=

The terms in this expression are not referenced to a common origin, since the charges are at different
positions. The parameters r, p, and x are scalar distances from the charges, and will be treated
as such here. For point A we have ry = /(3— (=1)24+ (4— (=1))2+ (—2)2 = /45, py =
V(B =12+ (4—2)2 = /8, and its distance from the sheet chargeisx4 = 3 — 2 = 1. The potential
a A isthen

106 30 x 107° 8x 107°
——InVB———— () +C

A egn/45 B 2meq 2¢0

Atpoint B, rg = /(4= (=1)2+ (0— (-1))> + (1 - 2)2 = V27,
o8 = +/(4—1)2 + (0 — 2)2 = /13, and the distance from the sheet chargeisxp = 4 — 2 = 2.
The potentia at A isthen

Vi =

106 30 x 1079 x 1079
Vg = Inv/1 3— ——— @+cC
BT dnegy27  27meo 20 2
Then
1067 1 1 30 x 1079 8 8x 1079
Vi— Vg = — — | — |- (1-2) =193V
A B 4meg |:4/45 4/27:| 2meg n( 13) 2¢0 ( )

Let auniform surface charge density of 5nC/m? be present at the z = 0 plane, a uniform line charge
density of 8nC/m be located at x = 0, z = 4, and a point charge of 2 uC be present at P(2, 0, 0).
IfVv =0a M(,0,5), find V a N(1, 2, 3): We need to find a potential function for the combined
chargeswhichiszeroat M. That for the point charge we know to be

Y

4 eqr

Vp(r) =

Potential functions for the sheet and line charges can be found by taking indefinite integrals of the
electric fields for those distributions. For the line charge, we have

Vz(p)=—f dp+ C1 = _lln(l))‘FCl
2mwegp 2meg
For the sheet charge, we have

Vi(z) = /—d —|—C2———Z+C2
2¢0

The total potential function will be the sum of the three. Combining the integration constants, we

obtain:
0 In(p )——z—l—C

V =
4 eqr 271 €0 2¢0
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4.11. (continued) The termsin this expression are not referenced to a common origin, since the charges are
at different positions. The parameters r, p, and z are scalar distances from the charges, and will be
treated as such here. To evaluate the constant, C, we first look at point M, where V; = 0. At M,
r=+22+52 =29 p=1,andz = 5 Wethushave

2x10% 8x10°° 5x 107°
= — Inl) - ——5+C = C=-193x10%V
A e0/29 2meq 2¢0

Atpoint N,r = V14 4+ 9= 14, p = /2, and z = 3. The potential at N isthus

2x10% 8x10°° 5x 107°
X X In(v?2) — 22—~

5 (3) — 1.93 x 10% = 1.98 x 10V = 1.98kV
€0

Vy = —
N 4reg/ 14 2meg

4.12. Three point charges, 0.4 1 C each, are located at (0, 0, —1), (0, 0, 0), and (0, 0, 1), in free space.
a) Find an expression for the absolute potential as a function of z along thelinex = 0, y = 1:
From a point located at position z aong the given line, the distances to the three charges are

Ri=+(z—124+1, Ry =+z24+1,and Rz = /(z + 1)2 + 1. Thetota potential will be

V(z) = 1 1+1+1
Z_47'[60 Ri R» R3

Using ¢ = 4 x 107 C, this becomes

1 1 1
V(2) = (3.6 x 10° + + v
(z) = (36 x )[\/(2_1)2+1 VZ+1 %(z+1)2+1}

b) Sketch V (z). The sketch will show that V maximizesto avalue of 8.68 x 102 at z = 0, and then
monotonically decreases with increasing |z| symmetrically on either side of z = 0.

4.13. Threeidentical point charges of 4 pC each are located at the corners of an equilateral triangle 0.5 mm
on asidein free space. How much work must be done to move one charge to a point equidistant from
the ather two and on the line joining them? Thiswill be the magnitude of the charge times the potential
difference between the finishing and starting positions, or

A4x10712211 1
W=-——"_"" " |——
25 5

—] x 10* =5.76 x 107193 = 576pJ
2meQ —_—

4.14. two 6-nC point charges are located at (1, 0, 0) and (—1, 0, 0) in free space.
a) FindV at P(0, 0, z): Sincethe chargesare positioned symmetrically about the 7 axis, the potential
at z will be double that from one charge. This becomes:

V() =2

q B q
4regn/72 4+ 1 B 2meov/z2 + 1

b) Find V,,.x: Itisclear fromthe part a result that V will maximizeat z = 0, Of vj,qx = g/ (27 €g) =
108V.
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4.14. (continued)

c) Calculate |dV /dz| onthe z axis: Differentiating the part a result, we find

dv qz

—_— = —=V/m
dz meg(z2 + 1)3/2 /

d) Find |dV /dz|max: Tofind this we need to differentiate the part ¢ result and find its zero:

d dv g(1—272) 1
dzldz meg(z2 4+ 1)5/2 = 2 V2
Substituting z = 1/+/2 into the part ¢ result, we find
i 4 _g1y/m
dz lmax  /27€q(3/2)3/2

4.15. Two uniform line charges, 8 nC/m each, arelocatedat x = 1,z = 2, andat x = —1, y = 2infree

space. If the potential at theoriginis 100V, find V at P (4, 1, 3): The net potentia function for the two
charges would in genera be:

__p In(Ry) — P

V =
2meQ 2meg

In(R2) + C

At theorigin, R1 = R» = +/5,and V = 100 V. Thus, with p; = 8 x 1079,

2(8 x 1079)
TTEQ

100 = — INvV5)+C = C=33L6V

At P(4,1,3),R1=1(4,1,3) —(1,1,2)| = v/10and R2 = |(4, 1,3) — (-1, 2, 3)| = +/26. Therefore

-9
Vp = _8x107) [In(«/FJ) + |n(¢2_6)] +331.6=-684V
2 eg
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4.16. Uniform surface charge densities of 6, 4, and 2 nC/m2 arepresent at r = 2, 4, and 6 cm, respectively,
in free space.

a)

b)

<)

Assume V = 0 at infinity, and find V (). We keep in mind the definition of absolute potential
as the work done in moving a unit positive charge from infinity to location r. At radii outside all
three spheres, the potential will be the same as that of a point charge at the origin, whose charge
is the sum of the three sphere charges:

q1+q2+q3 _ [47(.02)%(6) + 47 (.04)%(4) + 47 (.06)2(2)] x 10~°
A egr o 4 egr
_ (96+256+288)7 x 1013 181
N 47 (8.85 x 10-12) o
As the unit charge is moved inside the outer sphere to positions4 < r < 6 cm, the outer sphere
contribution to the energy isfixed at itsvalue at » = 6. Therefore,
atge 93 _ 0.994
4 egr 4eg(.06) 1

In moving inside the sphere at » = 4 cm, the contribution from that sphere becomes fixed at its
potential function at r = 4:

V() (r >6cm) =

V wherer isin meters

V)4 <r <bcem) = + 136V

q1 n q2 n q3 _0.271
Aregr  4dmepg(.04) 47'[60(.06)_ r

Finally, using the same reasoning, the potential inside the inner sphere becomes

0.271
V@) (r <2cm) = 02 + 31.7 = 45.3V

V)2 <r <4cm) = + 317V

Cdculate V atr =1, 3,5, and 7 cm: Using the results of part a, we substitute these distances (in
meters) into the appropriate formulasto obtain: V(1) = 45.3V,
V(3 =40.7V,V(5) =335V,and V(7) = 25.9V.

Sketch V versusr for 0 < » < 10 cm.

Problem 4.16

50 T T T T

V()

10 1 | | L
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4.17. Uniform surface charge densities of 6 and 2 nC/m? are present at p = 2 and 6 cm respectively, in free
space. Assume V = 0at p = 4 cm, and calculate V at:

a) p =5cm: Since V = 0at 4 cm, the potential at 5 cm will be the potential difference between
points 5 and 4:

5 5 —9
02)(6 x 10 5
v5=_/ E-dL =_f apﬂdp:—wln<—) — —3.026V
4 4 €op €0 4

b) o = 7 cm: Here we integrate piecewisefrom p = 4top = 7:

Vo= — /6 APsa dp — /7 (apsa + bpsb)dp
4 6

€op €0p

With the given values, this becomes

[(.02)(6 x 10—9)} (6) [(.02)(6 x 1079) + (.06)(2 x 10—9)} (7)
Vo= — |22 Hin( =) - In( =
€0 4 €0 6
— 9678V

4.18. A nonuniform linear charge density, p; = 8/(z% + 1) nC/m lies dong the z axis. Find the potential at
P(p =1,0,0) infree spaceif V = O at infinity: This last condition enables usto write the potential
at P asasuperposition of point charge potentials. The result isthe integral:

/oo prdz
Vp =
—oo dmegR

where R = +/z2 + 1 isthe distance from a point z on the z axisto P. Substituting the given charge
distribution and R into the integral gives us

£
<

v _/00 8x10%z  2x107°% 7z o
P7 e dmeo@@+ 132~ meg JZill-o

4.19. The annular surface, 1cm < p < 3cm, z = 0, carries the nonuniform surface charge density p; =
5pnC/m2. Find V at P(0, 0, 2cm) if V = 0 at infinity: We use the superposition integral form:

oe ] [t
Ameglr — 1’|

wherer = za, andr’ = pa,. We integrate over the surface of the annular region, withda = p dp d¢.
Substituting the given values, we find

/271/03 (5 x 10~ g)pzdpd¢
Vp =
01 47'[60 02+ 72

Substituting z = .02, and using tables, the integral evauates as
03

9
[—(5)(10 >][2¢W oer In(p+m>} =081V

2¢0
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4.20. Fig. 4.11 shows three separate charge distributions in the z = 0 plane in free space.
a) find thetotal charge for each distribution: Line charge along the y axis:

5
01 = / 7 x 107%dy = 27 x 10°C = 6.28nC
3
Linechargeinanarcatradiusp = 3:

70°
szf (107°)3d¢ = 4.5 x 1079 (70 — 10)%_471x10 9C=4.71nC
00

Sheet charge:

70° 35
Q3= / / (10~%) pdp d¢p = 5.07 x 1079C = 5.07nC
10° J16

b) Findthe potentia at P (0, 0, 6) caused by each of the three charge distributions acting alone: Line
charge along y axis:

5 5 9 3
prdL / m x 107°dy 10 5
Vo — _ _ In 24 62 ‘ —7.83V

Linechargeinanarc aradius p = 3:

70° 9
VPZZ[ (15x10793d¢ Q2 631V
100 4dmweg/ 32 + 62 47T60v
Sheet charge:
v /70° /35 (109 pdpdp 60 x 1079 <2n ) 35 sdp
5= il _prap
7 o |6 aneo/p?+62 4n(8854x1072\360) )16 /o2 + 36

—9.42./0% + 36‘16 — 6.93V

¢) Find Vp: Thiswill be the sum of the three results of part b, or

Vp =Vp1+ Vpr+ Vp3 =783+ 6.31+6.93 =211V

4.21. Let V = 2xy%z3 4+ 3In(x2 + 2y2 + 3z%) V in free space. Evaluate each of the following quantities at
P@3, 2, -1):

a) V: Substitute P directly to obtain: V = —15.0V
b) |V|. Thiswill bejust 15.0V.

¢) E: Wehave
6x 12y
E‘ =—VV’ =—|(2y°+ ——— 4 —————— ] a
P P [( R N il x2+42y24+322) 7
18z
2.2 —
+ (6)6)1 -+ m) a.z:|P =7.1a, +22.83.y —711a,V/m
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4.21d. |E|p: taking the magnitude of the part ¢ result, wefind |E|p = 75.0V/m.
€) ay: By definition, thiswill be

E
av|, = ~g = ~0.095a, 03042, +0.M8a,

f) D: Thisis D‘P - eoE|P = 62.8a, + 202a, — 629a, pC/m?.

4.22. It isknown that the potential is given as V = 80r%° V. Assuming free space conditions, find:
a) E: Weuse

dv
E=-VV=-—-a= —(0.6)80r%%a, = —48-"%%a, V/m
r

b) the volume charge density at » = 0.5 m: Begin by finding
D = oE = —48r %% a, C/m?

We next find

pv:V‘D:

L9 (2p,) = L (~asert®) = -2 oy

Q.|Q~

Thenatr = 0.5m,

—76.8(8.854 x 1012)
(O. 5) 14

pv(0.5) = =-179x107°C/m® = —1.79 nC/m°®

¢) thetotal chargelyingwithinthesurfacer = 0.6: Theeasiest way isto use Gauss' law, and integrate
the flux density over the spherical surface r = 0.6. Sincethefield is constant at constant radius,
we obtain the product:

0 = 47(0.6)%(—48¢0(0.6) %% = —2.36 x 10°° C = —2.36 nC

4.23. It isknown that the potential is given as V = 80,6 V. Assuming free space conditions, find:
a) E: Wefind this through

dv
E=-VV=—"—a,=-48*V/m
dp —

b) the volume charge density at p = .5m: Using D = ¢gE, we find the charge density through

1\ d
=[V-Dls= (= D — —28.8¢0p 14 = —673pC/m®
[ 15 ( )dp (o )‘5 op™ | pC/m
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4.23c. thetotal chargelying withintheclosed surfacep = .6,0 < z < 1: Theeasiest way to dothiscalculation
istoevaluate D, at p = .6 (noting that it is constant), and then multiply by the cylinder area: Using part

a,wehave D, .= —4860(.6) "4 = —521pC/m2. Thus Q = —27(.6)(1)521x10~12C = —1.96nC.

4.24. Giventhepotential field V = 80r2 cosé and apoint P (2.5, = 30°, ¢ = 60°) infreespace, findat P:
a) V: Substitute the coordinatesinto the function and find V» = 80(2.5)2 cos(30) = 433 V.
b) E:
aVv 10V

E=-VV=—-——a — ——ay = —160r cosfa, + 80r sinfag V/m
or r 060

Evaluating thisat P yieldsE, = —346a, + 100ay, V/m.

c) D: Infreespace, Dp = gEp = (—346a, + 100ay)eg = —3.07 &, + 0.885a; nC/m?.
d) pu:

0
r2sing 96

19 .
pu=V.D:60V.E:eo|:—2—(r2Er>+ (EgSInG):|
ré or

Substituting the components of E, we find

160 coso 1 .
oy = [——23r2 + ———80r(2sind cos@)} €0 = —320¢g cosO = —2.45 nC/m°
r rsing —_—
with 6 = 30°.
€) dV/dN: Thiswill bejust |E| evaluated at P, whichis

dv
T |, = — 3468+ 100ay| = V/(346)2 + (100)2 = 360 V/m

f) ayn: Thiswill be

ay =

E —346a, + 100
_Er _ &+ 0% | _0.961a, — 0.278a
|Ep| V(346)2 4 (100)2

4.25. Withinthe cylinder p = 2,0 < z < 1, the potential isgivenby V = 100 + 50p + 150p sin¢ V.
a) FindV, E, D, and p, a P(1,60°, 0.5) in free space: First, substituting the given point, we find
Vp = 279.9V. Then,

A% 19V

E=-VV=—-a,—~—
ap p o

as = —[50 + 150sin¢] a, — [150cos¢] a,

Evaluate the above at P tofind Ep = —179.9a, — 75.0a4 V/m
Now D = €oE, so Dp = —1.59a, — .664a5 nC/m?. Then

1\ d 14D 1 . 1 .
pp=V-D= (—) — (pr)+——¢ = [——(50+ 150sin¢) + —1503m¢} €0 =——¢C
p) dp p 0¢ P o o

At P, thisis p,p = —443 pC/mq.
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4.25b. How much charge lies within the cylinder? We will integrate p,, over the volume to obtain:

1 2 2 50
= / / / _ 20 dpdp dz = —27(50)€p(2) = —5.56nC
0 JO 0 1Y

4.26. A dipole having Qd/(4meg) = 100V - m? islocated at the origin in free space and aligned so that its
moment isinthea, direction. a) Sketch |V (r = 1, 0, ¢ = 0)| versusé on polar graph paper (homemade
if youwish). b) Sketch |[E(r = 1,60, ¢ = 0)| versus6 on polar graph paper:

Qdcost  100cost

V=
2

[Vir =1,0,¢ = 0)| = |100coso|
4 eqr? _

E =

. 100 .
3 (2cosf a, +sinf ag) = = (2cosf a, + sinb ay)

4 eqr

1/2 1/2
IEG-=1,6, ¢ = 0)| = 100 (400529 + sin29> — 100 <1+300320)

These results are plotted below:

Problem 4.26

N\
\ o-fvjﬁ\*fﬂn.

180

270



4.27. Two point charges, 1nC at (0,0, 0.1) and —1nC at (0, 0, —0.1), arein free space.
a) Calculate V at P(0.3,0,0.4): Use

Ve 4 4
P = 4neolRY|  4meo|R|

whereR+ = (.3,0,.3) and R~ = (.3,0, .5), sothat |R*| = 0.424 and |R~| = 0.583. Thus

10°°7 1 1
Vp = — = 5.78V
P aneg [.424 .583] ==
b) Cdculate [E| at P: Use

£ __qg3ax+.3@q__qp3ax+.5@)__10*9
P Taneo(424)3 T 4meo(583)°  4rmeo

[2.42a + 1.41a,] V/m

Taking the magnitude of the above, wefind |[Ep| = 25.2V/m.

¢) Now treat the two charges as a dipole at the origin and find V at P: In spherical coordinates, P
islocated at r = /.32 4+ .42 = 5and 6 = sin~1(.3/.5) = 36.9°. Assuming adipolein far-field,
we have

gdcosd  1079(.2) cos(36.9°)
= = =576V
P 4 eqr? 47 €0(.5)2

4.28. A dipole located at the origin in free space has a moment p2 x 10~°a, C- m. At what points on the
liney =z, x =0is
a) |Eg| = 1mV/m? Wenotethat theliney = z liesat & = 45°. Begin with

E = 2 x lo_Q(Zcosea, +sinfay) = 107 (2a, + ay) at 6 = 45°
 Adweord B 22 eqr B
from which
10°° -3 : 3 —4
Ey = ——= =10"°V/m (required) = r° =127 x 10 "orr =23.3m
27'[60}”3

They and z valuesarethus y = z = +£23.3/4/2 = £16.5m

b) |E,| = 1 mV/m? From the above field expression, the radial component magnitude is twice that
of the theta component. Using the same development, we then find

1079
2w eor3

E, =2 =10"3V/m (required) = r3=2(127 x 1074 or r = 29.4m

They and z valuesarethus y = z = £29.4/+/2 = £20.8m
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4.29. A dipole having amoment p = 3a, — 5a, + 10a, nC - mislocated at Q(1, 2, —4) in free space. Find
V a P(2, 3, 4): We use the general expression for the potential in the far field:

_p-(r=r)
~ dreglr — /)3

wherer —r'=P—-0=(1,1,8). So

_ (Ba,—5a,+10a) @ +a +8a)x10°

1%
: Areg[12 4 12 + 8215

4.30. A dipole, having amoment p = 2a, nC - m islocated at the origin in free space. Give the magnitude
of E and itsdirection ag in cartesian componentsat »r = 100 m, ¢ = 90°, and 6 =: a) 0°; b) 30°; c)

90°. Beginwith
E= 4nfor3 [2cos6 a, + sind ay]
from which 12 12
[ — [4c0320+sin20} :L[1+300520]
4 eqr3 4 eqr3
Now
E,=E.a = P [2cosfa, -a, +Shbay-a,] = p [3cosh sin6 cosg]
4y eqr3 A7 eqr3
then
E,—E.a, = % [2cosea,-a +sin9a9-a]:L[3cosesinesin¢]
) YT Aeqr Y Y 4 eqr3
and
E,—E.a.= " [ZCOSQar~aZ+Sin9a,9-aZ]=L[ZCOSZQ—SH‘]Z@]
4 eqr3 4 eqr3

Since ¢ isgiven as 90°, E, = 0, and the field magnitude becomes

. _ 1/2
E(p =90°)| = JE2 + E2 = 4n‘:0r3 [9c03293m20 + (200826 — sm29)2]

Then the unit vector becomes (again at ¢ = 90°):

3cosd sind a, + (2cos? 0 — sn?0) a,

ar =
[9c0s?6 sin?6 + (2cos? 6 — sin? 0)2]1/2

Now with» = 100mand p = 2 x 1079,

p 2x107°

— —=180x10°°
Areord . 4m(8.854 x 10-12)106 %

Using the above formulas, we find at & = 0°, |E| = (1.80 x 107°)(2) = 36.0uV/mand ar = a.
At 9 = 30° wefind |[E| = (180 x 107°)[1.69 + 1.56]%/2 = 32.5uV/m and az = (1.30a, +
1.25a,)/1.80 = 0.72a, + 0.69a.. Atd = 90°, |E| = (1.80x 107°)(1) = 18.0 uV/mandag = —&.
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4.31. A potential field in free spaceisexpressed as V = 20/(xyz) V.

a) Findthetotal energy stored withinthecube 1l < x, y, z < 2. Weintegrate the energy density over
the cube volume, where wg = (1/2)¢oE - E, and where

1 1 1
E=-VV =20 2—ax =+ —zay + —zaz V/m
x2yz xy?z xyz

The energy is now

1 1
Wg = 20060/ / / [X4y2Z2 22y472 + x2y2z4} dxdydz

Theintegral evaluates as follows:

Z
2 7\ 1 1\ 1 1\ 172
= 200¢ =)= —-(Z)—=-(2)=| 4«
ofl [ (24> yz2 6) y322 <2> yZ4:|1 :
2r/77\ 1 7\ 1 1\ 1
= 200 )+ (=)=+(=)=|4a
60/1 [(48> 2t <48> 27 (4> Z“] ‘

= 200¢0(3) [ ! ] = 387pJ
b) What value would be obtained by assuming a uniform energy density equal to the value at the
center of the cube? At C (1.5, 1.5, 1.5) the energy density is

1
(1.5)4(1.5)2(1.5)2

wg = 20060(3) [ ] =207 x 10719 y/m3

This, multiplied by a cube volume of 1, produces an energy value of 207 pJ.

4.32. Intheregion of free spacewhere2 < r < 3,0.47 <6 < 0.6m,0 < ¢ < /2, |6t E = k/r?a,.
a) Findapositivevaluefor k so that thetotal energy stored isexactly 1 J: The energy isfound through

w/2 p0.6r
WE_/ eoEsz—/ / / —éo—r 25in0 drdo dé
0.4;

& (1\ L,/ 1\/2 06l6r
= —(— — —_— = - l
2( COS@)‘A” (2)60]‘ ( r)‘z oq €ok"=1J

Solvefor k tofindk = 1.18 x 105V - m.
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4.32b. Show that the surface® = 0.6 isan equipotential surface: Thiswill be the surface of acone, centered
at the origin, along which E, in the a, direction, will exist. Therefore, the given surface cannot be an
equipotential (the problem was ill-conceived). Only a surface of constant » could be an equipotential
inthisfield.

¢) Find V4, givenpoints A(2,0 = n /2, ¢ = n/3) and B(3, n/2, w/4): Use

A 3
k 1 1\ &k
Vip=—| E-dL=—| Za .adr=k(=-Z2)=2
AB /B fzrzararr (2 3>6

Using the result of part a, wefind V45 = (1.18 x 106)/6 = 197 kV.

4.33. A copper sphere of radius 4 cm carries a uniformly-distributed total charge of 5 ,C in free space.
a) Use Gauss law to find D external to the sphere: with a spherical Gaussian surface at radius r, D
will be the total charge divided by the area of this sphere, and will be a,-directed. Thus

0 5x 106

- C/m?
47'rr2ar A7 r2 & ¢/

D=

b) Calculate thetotal energy stored in the electrostatic field: Use

% 1 (5 x 10762
WE_/ °D. Edv_/ // ©x )rsmedrded¢

2 167 2¢qr
5 x 1076)2 d 25x 10712 1
—am (2) X0 / G _2X DT o819
167 2¢q oa 12 8reg .04

¢) Use Wr = 02?/(2C) to calculate the capacitance of the isolated sphere: We have

0?2 (5x10°%)?2 1
C= - — 4.45 x 1072 F = 4.45pF
owp  22.81) X &4opr

4.34. Given the potential field in free space, V = 80¢ V (note that a,, i should not be present), find:
a) theenergy storedintheregion2 < p <4cm,0< ¢ < 0.27,0 < z < 1 m: First wefind

1dv 80
E=—-VV=—-""—3;,=—83;V/m
pd¢a¢ pa¢ /
Then
0.27 041 802 04
WE—/wEdv—/ / / —eo( ) pdpd¢dz—6407reoln(02) =12.3nJ
02 p?

b) the potential difference, Va5, for A(3cm, ¢ = 0, z = 0) and B(3cm, 0.2, 1m): Use

A 0 80
VAB=—/ E-dL:—/ —Zay a5 pdep = —80(0.27) = —167 V
B 2 1Y
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4.34c. the maximum value of the energy density in the specified region: The energy density is

1 > 1 6400
wg = =gk = =¢o 5
0

2 2
Thiswill maximize at the lowest value of p in the specified range, which is p = 2 cm. So

1 6400

— —5 3 _ 3

WE, max =

4.35. Four 0.8nC point charges are located in free space at the corners of a square 4 cm on aside.
a) Find thetotal potentia energy stored: Thiswill be given by

1 4
WE = EHZ;CInVn

where V,, inthiscaseisthe potentia at the location of any one of the point chargesthat arisesfrom
the other three. Thiswill be (for charge 1)

g [1 1 1
i=VatVatVa 4neo[.04 04 ,04\/2}

Taking the summation produces a factor of 4, since the situation is the same at all four points.
Consequently,

1 .8 x 1079)2 1
We = > (@q1V1 = (8x 107 [z

— | =7.79%x10773=0.779 1J
oreo0d) |°T ﬁ} x sy

b) A fifth 0.8 uC chargeisinstalled at the center of the square. Again find the total stored energy:
This will be the energy found in part a plus the amount of work done in moving the fifth charge
into position from infinity. The latter is just the potential at the square center arising from the
original four charges, times the new charge value, or

4(.8 x 1079)2
AWg = =

=~ = 813uJ
4 en(.04/2/2) o

Thetotal energy is now

WEner = Wg(parta) + AWg = .779 4 .813 = 1.59 1J
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